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Abstract
In view of the feature of flight flutter test data with atmospheric turbulence excitation, a method which combines wavelet trans-
formation with random decrement technique for identifying flight flutter modal parameters is presented. This approach firstly uses ran-
dom decrement technique to gain free decays corresponding to the acceleration response of the structure to some non-zero initial condi-
tions. Then the continuous Morlet wavelet transformation of the free decays is performed; and the Parseval formula and residue theorem
are used to simplify the transformation. The maximal wavelet transformation coefficients in different scales are searched out by means of 
band-filtering characteristic of Morlet wavelet, and then the modal parameters are identified according to the relationships with maximal 
modulus and angle of the wavelet transform. In addition, the condition of modal uncoupling is discussed according to variation trend of 
flight flutter modal parameters in the flight flutter state. The analysis results of simulation and flight flutter test data show that this ap-
proach is not only simple, effective and feasible, but also having good noise immunity. 
Keywords: flight flutter modal parameters identification; atmospheric turbulence excitation; wavelet transformation; random decrement 
technique; acceleration response 
1 Introduction
*
Aeroelastic flutter involves the unfavorable in-
teraction of aerodynamic, elastic, and inertia forces 
with structures and produces an unstable oscillation 
that often results in structural failure[1]. To avoid the 
emergence of flutter, it is necessary to identify the 
corresponding flutter characteristics, such as mode, 
modal parameters and flight envelope, through test-
ing approaches. The main task of the testing is pre-
cisely, quickly and effectively acquiring modal pa-
rameters, especially concerning catastrophic flutter. 
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The identification method of flight flutter modal 
parameters is closely related to excitation signal 
used in the flight flutter test. The atmospheric tur-
bulence has been used for structural excitation in 
many flight flutter test programs[2]. By this approach, 
flutter modal parameters can be directly identified 
from the response data of aircraft being in working 
condition. The attractive feature of this type of ex-
citation is that no special onboard exciter hardware 
is required. In addition, this technique also has other 
advantages, such as simple, economic, and elimi-
nating special test flights for flutter. However, the 
response data has properties of non-stationary, low 
signal-to-noise ratio and so on, which make data 
analysis very difficult.  
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Wavelet transform is a good time-frequency 
analysis method, which has multiresolution analysis 
and time-frequency localization features. Noise can 
be decomposed to different frequency channels 
based on wavelet transform, so that it can be 
smoothed in order to reduce the noise interference. 
Therefore, wavelet transform is very suitable for 
non-stationary signals with strong noise. Especially, 
Morlet wavelet has characteristic of band-pass fil-
tering, which can automatically uncouple the multi- 
modals system.  
In view of the feature of flight flutter test data, 
this paper presents a method which combines 
wavelet transform with random decrement tech-
nique for identifying flutter modal parameters based 
on atmospheric turbulence excitation. Considering 
the structural dynamic response of aircraft structure 
is usually measured with accelerations, it is the ob-
jective of this study to develop an algorithm that 
solely requires the structural response in the form of 
measured accelerations in order to avoid problems 
induced by the numerical integration of measured 
data. This approach firstly uses random decrement 
technique to gain free decays corresponding to the 
acceleration response of the structure to some 
non-zero initial conditions. Then continuous Morlet 
wavelet transformation of the free decays is per-
formed; the relationships between modal parameters 
and maximal modulus and angle of the wavelet 
transform are acquired; and the Parseval formula 
and residue theorem are used to simplify the trans-
formation. The maximal wavelet transformation 
coefficients in different scales are searched out by 
means of band-filtering characteristic of Morlet 
wavelet, and modal parameters are identified ac-
cording to the relationships with maximal modulus 
and angle of the wavelet transform. In addition, the 
condition of close modals uncoupling is discussed 
according to variation trend of flutter modal pa-
rameters in the testing flight state. The analysis re-
sults of simulation and flight flutter test data show 
that this approach is not only simple, effective and 
feasible, but also having good noise immunity. 
2 The Acceleration Response of the Str-
ucture
The dynamic behaviour of a 1-DOF linear sys-
tem with viscous damping in time domain is de-
scribed by  
( ) ( ) ( ) ( )mx t cx t kx t f t             (1) 
where m, c and k refer to the system’s mass, damp-
ing and stiffness respectively, while the displace-
ment, velocity , acceleration and the excitation at 
time t are ( )x t , ( )x t , ( )x t and f (t). Generally, the 
data of structural response of an aircraft structure in 
flight flutter test is measured in the form of accel-
erations. Therefore, the acceleration response of the 
structure to non-zero initial conditions is set up 
based on Eq.(1). If the output is acceleration, the 
following operators are defined as 
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The transfer operator is defined as 
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where H(p) expresses the relationship between ac-
celeration response a(t) and the excitation f (t). The 
solution of Eq.(4) is 
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where a(0) and (0)a  are initial values of accelera-
tion a(t) and its derivative ( )a t  at t=0 respectively, 
V and v refer to decay factor and radian frequency 
of free damping oscillation, which are obtained by 
solving an eigenvalue problem associated with m, c
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and k. Besides, V and v have relations to eigenfre-
quency : and damping ratio] as follows  
21Ȟ : ]
V ]:
½° 
¾
 °¿
             (7) 
where h(t) is the system’s impulse response function 
corresponding to H(p).
Eq.(6) shows that the complete response of the 
system includes three components: initial 
acceleration response, response derived from initial 
value of ( )a t  and response caused by the excitation. 
If the excitation is a random signal, a random 
decrement function ( )aD W  is obtained by means of 
random decrement technique as follows 
   ^ `
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where ^ `( )i Ta t a  is the level crossing triggering 
condition, as shown in Fig.1, which crosses over the 
acceleration response curve a(t) at ti = t1, t2, ···, tN,
and the triggering level aT is usually given as 1.5Va,
Va is the standard deviation of the time series a(t),
and N is the number of triggering points. Moreover, 
the response function a(ti+W) of time shifting ti can 
be considered as a result of the action of the random 
excitation f (W) with the initial acceleration aT and 
the derivative of acceleration a(t) at t = ti. If the 
number of triggering points N is large enough, Da(W)
is approximate to the free decay response when the 
initial acceleration is aT
[3], as illustrated in Fig.1. 
Fig.1  (a) The acceleration response under the random ex-
citation f(Ĳ); (b) the random decrement function. 
3 The Continuous Wavelet Transform and
  Modal Parameters Identification 
The continuous wavelet transform of signal x(t)
with respect to wavelet \(t) is defined as 
1
WT ( , ) ( ) d*x
t b
a b x t t
a a
\
f
f
§ · ¨ ¸© ¹³      (9) 
where 0,a b! R . In Eq.(9) a denotes the dilation 
or scale parameter and the parameter b is used to 
localize the dilated wavelet decomposition in time. 
The dilated and translated analyzing functions 
t b
a
\ § ·¨ ¸© ¹
 are generated by a mother wavelet \(t),
and the superscript * denotes conjugated. 
The mother wavelet used in this study is the 
complex Morlet wavelet because of its clear inter-
pretation in the frequency domain (Gaussian win-
dow) and time domain (locally periodic waveform) 
for the analysis of vibration data[4], which is a Gaus-
sian modulated function, described as 
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where Z0 is the centre frequency of the Morlet 
wavelet. The frequency spectrum of the Morlet 
wavelet is as follows 
   20
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Eq.(11) shows that the frequency spectrum 
\(Z) of the Morlet wavelet is a Gaussian function 
with the centre frequency Z0 and is approximate to a 
narrow band-pass filter. 
After scale dilation and time translation, the 
frequency spectrum of the Morlet wavelet becomes 
as
   2, 0
1
2  exp
2
a b a a\ Z Z Z
§ · S  ¨ ¸© ¹
  (12) 
the centre frequency of \a,b(Z) changes from Z0 to 
Z0/a, and the frequency spectrum arrives at its peak 
value at a =Z0/Z.
In case of the 1-DOF vibration system, free 
decay response a(t) resulting from the initial accel-
eration condition a(0) can be described as 
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. According to Eq.(9) and 
Parseval formula, the continuous wavelet transform 
of free decay response a(t) for Morlet wavelet can 
be expressed as 
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where A(Z) and <*(aZ) are the Fourier transform 
of free decay response a(t) and Morlet wavelet re-
spectively, their expressions are 
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For the right-hand side of Eq.(14), it is tedious 
to make direct integration. In this paper, residue 
theorem is used to simplify the problem. Therefore, 
Eq.(14) becomes as 
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In practical application, the centre frequency of 
the Morlet wavelet is chosen as Z0ı5 in order to 
satisfy every condition for wavelet, so the modulus 
of the second term is far smaller than the first term 
in Eq.(17). For this reason, the continuous wavelet 
transform of free decay response a(t) for Morlet 
wavelet can be approximately expressed as 
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The modulus and angle of the wavelet trans-
form, WTa(a,b), are respectively 
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, as shown in Eq.(19), the modulus   
 WT ,a a b  acquires the maximum 
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. The natural logarithm 
of the maximum is taken as 
   1ln max WT , lna a b b C 'V     (22) 
Thus, Eq.(22) shows that the time-dependent slope 
of   ln max WT ,a a b  is the decay factor V on the 
semi-logarithmic plane.  
From Eq.(20), the derivative of  WT ,a a b
with respect to time b is as follows 
 d WT ,
d
a a b Ȟ
b
ª º¬ ¼          (23) 
This shows that the derivative of  WT ,a a b  with 
respect to time b is the radian frequency of free 
damping oscillation Q.
Then according to the relational expressions of 
V and Q with : and ] as shown in Eq.(7), modal 
parameters, : and ] can be identified. 
For the multiple modals system, the wavelet 
transform of free decay response resulting from the 
initial acceleration condition is equal to a linear ad-
dition of that for every single modal. Therefore, the 
maximums of wavelet transform coefficients in dif-
ferent scale regions are searched out by utilizing the 
band-pass filtering property of Morlet wavelet, then 
modal parameters of each single modal can be re-
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spectively identified in accordance with Eq.(22), 
Eq.(23) and Eq.(7).  
The ability of modals uncoupling of Morlet 
wavelet is closely related to its band-pass filtering 
property. In the test flight state, the flutter modal 
damping ratio will gradually tend towards zero with 
the extension of flight envelope. Particularly when 
close to the flutter critical state, the damping ratios 
of two modals inducing the flutter are very small, 
and their eigenfrequencies are highly close to each 
other. When utilizing Morlet wavelet transform to 
identify the close modals as of flutter critical state, 
if the adjacent modal can not be completely filtered 
off, it will lead to modal parameters identification 
error. In the following, the ability of modals uncou-
pling of Morlet wavelet transform is studied. For the 
convenience of discussion, two adjacent modals are 
taken out from close modals and analyzed. From 
Eq.(18), the following equation can be derived as 
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 Eq.(24) shows that if conditions 1 2B B!! at   
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are satisfied 
respectively, the modals can be coupled. The deter-
minant affecting the values of B1 and B2 is the ex-
ponential function 
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, if the first modal can be un-
coupled, the following condition must be satisfied 
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where :1 and :2 are eigenfrequencies of two close 
modals, ]1 and ]2 are damping ratios of two close 
modals respectively. 
 In the same way, at 0
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, if the second 
modal can be uncoupled, the following condition 
must be satisfied 
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 To sum up Eq.(27) and Eq.(28), when Morlet 
wavelet transform is used to identify parameters of 
flutter modals and to uncouple the modals, the ei-
genfrequencies of two adjacent modals must satisfy 
the following condition 
2 2
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 Eq.(30) shows that if damping ratios]1, ]2೅0,
the eigenfrequency ratio 1 2/ 1: :  ; the eigenfre-
quency ratio 1 2/: :  tends towards one as damp-
ing ratios]1, ]2 decrease, this means that the interval 
between two modal eigenfrequencies required for 
modals uncoupling will be smaller. This require-
ment of eigenfrequencies coincides with the regu-
larity of eigenfrequencies in flight flutter test. When 
flight envelope is in extending, the damping ratios 
of coupling modals get smaller and smaller till 
tending towards zero, while the eigenfrequencies of 
two modals get closer and closer. 
4 Simulation Analysis 
For the verification of this approach, a system 
including two modals is considered. The eigenfre-
quencies of the two modals are 1: = 10 Hz and 
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2: = 15 Hz respectively, while the damping ratios 
are]1= 0.04 and ]2 = 0.02 . The transfer function of 
the system is written as 
2 2
2 2 2 2
1 1 1 2 2 2
( )
2 2
s s
H s
s s] : : ] : :
 
   
 (31) 
The performance of the algorithm based on Eq.(22), 
Eq.(23) and Eq.(7) is compared with that derived by 
the corresponding approach of the Ibrahim time 
domain. The excitation signal of the system is 
Gaussian white noise. 
4.1 The condition of having no random noise
    corruption 
Fig.2(a) presents the acceleration response of 
the system excited by Gaussian white noise without 
random noise corruption. The free decay response 
derived from random decrement technique is shown 
in Fig.2(b), where aT=1.5Va. Fig.2(c) demonstrates 
the contour map generated by continuous wavelet 
transform of the free decay response. It is obvious 
that the energy of the response centers on two re-
gions, 10 Hz and 15 Hz, as shown in Fig.2(c). 
Fig.2  (a) The acceleration response of the system; (b) the 
free decay response; (c) the contour map generated 
by continuous wavelet transform. 
The theoretic values and the identification val-
ues of the modal parameters, which are derived 
from two different above-mentioned methods, are 
listed in Table 1, where the subscript 1 denotes mo-
dal 1, and 2 denotes modal 2. Table 1 shows that 
both the identification values of the modal eigen-
frequency : have high precision, but the identifi-
cation values of the damping ratio ] based on 
wavelet transform are more precise than those based 
on the Ibrahim time domain (ITD). 
Table 1 Comparison of identification results in the con-
dition of having no random noise corruption 
:1/Hz ]1 :2/Hz ]2
Theoretic 
values 
10 0.04 15 0.02 
ITD 9.858 8 0.047 1 15.002 1 0.021 3 
Wavelet 
transform
9.876 5 0.040 2 15.159 3 0.020 3 
4.2 The condition of having random noise   
corruption
Fig.3(a) presents the acceleration response of 
the system excited by Gaussian white noise with 
random noise corruption, and the noise level is cho-
sen as 90 percent of the maximum value of the 
original signal. The free decay response derived 
from random decrement technique is shown in 
Fig.3(b), where aT =1.5Va. Fig.3(c) demonstrates the 
contour map generated by continuous wavelet 
transform of the free decay response. Similarly, the 
energy of the response concentrates clearly in 10 Hz 
and 15 Hz, regions as shown in Fig.3(c). 
Fig.3  (a) The acceleration response of the system with ran- 
dom noise corruption; (b) the free decay response; (c) 
the contour map generated by continuous wavelet 
transform.
Table 2 gives the theoretic values and the iden-
tification values of the modal parameters in this case. 
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From Table 2, it can be seen that the identification 
algorithm based on wavelet transform leads to much 
better modal parameters estimation than ITD in the 
condition of having serious random noise corruption. 
Thus, the results show that the wavelet transform 
approach has good noise immunity. 
Table 2 Comparison of identification results in the con-
dition of having random noise corruption 
:1/Hz ]1 :2/Hz ]2
Theoretic 
values 
10 0.04 15 0.02 
ITD 11.106 5 0.122 4 13.043 1 0.000 9 
Wavelet 
transform 
9.854 3 0.040 9 15.289 7 0.019 1 
5 The Analysis of Flight Flutter Test Data 
Two different identification methods men-
tioned above are applied to practical flight flutter 
test data. Fig.4(a) presents the acceleration response 
signal of an aircraft excited by atmospheric turbu-
lence. The free decay response derived from decre-
ment technique is shown in Fig.4(b), where aT =
1.5Va. Fig.4(c) demonstrates the contour map gen-
erated by continuous wavelet transform of the free 
decay response. As shown in Fig.4(c), the energy of 
the response concentrates clearly in 36 Hz and 73 
Hz regions. 
Fig.4  (a) The acceleration response of an aircraft excited 
by atmospheric turbulence; (b) the free decay re-
sponse; (c) the contour map generated by continuous 
wavelet transform. 
For comparing the capabilities of resistance to 
noise, Table 3 lists the identification values of mo-
dal parameters with different time length W of the 
random decrement function. Obviously, the identi-
fication results derived from ITD vary largely with 
different time length W, especially damping ratio ].
However, time length W has little influence on iden-
tification results based on wavelet transform. The 
results further show that the anti-noise capability of 
identification algorithm using wavelet transform is 
better than that of ITD. 
Table 3 Comparison of identification results for flight 
flutter test data 
6 Conclusions 
A method based on wavelet transformation is 
presented for identifying flight flutter modal pa-
rameters with atmospheric turbulence excitation. In 
order to avoid the troubles associated with the nu-
merical integration of measured data. The objective 
of this study is to develop an algorithm that solely 
requires the structural response in the form of 
measured accelerations. The analysis results of 
simulation and flight flutter test data show that this 
approach is not only simple, effective and feasible, 
but also having good noise immunity. 
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